A model for the equilibrium coupling of an ion system with varying initial hard-sphere Rydberg blockade correlations is used to quantify the suppression of disorder-induced heating in Coulombexpanding cold ion bunches. We show that bunches with experimentally achievable blockade parameters have an emittance reduced by a factor of 2.6 and increased focusability and brightness compared to a disordered bunch. Demonstrating suppression of disorder-induced heating is an important step in the development of techniques for the creation of beam sources with sufficient phase-space density for ultrafast, single-shot coherent diffractive imaging.
A model for the equilibrium coupling of an ion system with varying initial hard-sphere Rydberg blockade correlations is used to quantify the suppression of disorder-induced heating in Coulombexpanding cold ion bunches. We show that bunches with experimentally achievable blockade parameters have an emittance reduced by a factor of 2.6 and increased focusability and brightness compared to a disordered bunch. Demonstrating suppression of disorder-induced heating is an important step in the development of techniques for the creation of beam sources with sufficient phase-space density for ultrafast, single-shot coherent diffractive imaging. Nanoscale material manipulation with focused ion beams [1] , high resolution electron microscopy [2, 3] , and ultrafast and coherent electron diffraction imaging [4] require high flux low emittance sources of charged particles. The emittance, or focusability, of the beam determines important imaging capabilities such as the resolution and image acquisition time. Cold-atom electron and ion sources (CAEIS) [5, 6] based on the photoionization of laser-cooled atomic gases are being developed for the production of low emittance beams, achieving source temperatures below 10 K for electrons [7] and 1 mK for ions [8] . These sources produce charged particle bunches with arbitrarily shaped spatial profiles, short durations and high coherence [9] [10] [11] , and high resolution focus suitable for ion microscopy [12] .
Intrabeam Coulomb effects limit usable beam densities in applications that require short bunch duration, such as single-shot ultrafast electron diffraction where the expansion effects constrain the imaging capability of bunches with more than a few tens of particles [13] . At high beam densities, the nonlinear Coulomb expansion of bunches with nonuniform space-charge densities leads to loss of beam quality [14] . CAEIS ion bunches have been used as a platform for the study of space-charge effects, since low source temperature and high mass enable detailed measurements analogous to much shorter bunch durations appropriate to ultrafast electron beams [15] . The initial source distribution of CAEIS beams can be shaped to produce uniform charge distributions, which is predicted to alleviate space-charge induced emittance growth [14, 16] .
For beam sources with uniform charge distributions, the minimum achievable source temperature is ultimately limited by statistical Coulomb effects resulting from the discrete nature of the charged particles [17] . Particle beams cooled from initially high temperatures, such as electroncooled heavy ion beams in storage rings, encounter a cooling limit due to intrabeam scattering when operated at high beam density [18] . Bunches of initially cold charged particles created with uncorrelated initial positions, as from a CAEIS, have interparticle repulsive forces that are random in orientation and magnitude, leading to disorder-induced heating (DIH) [19, 20] . DIH can, in principle, be suppressed by establishing spatial correlations in the initial particle distribution, for example, by ionization of a degenerate Fermi gas [21] , or atoms in an optical lattice [22] , or blockaded Rydberg-atom ensembles [23] . Simulations of the suppression of DIH in these precorrelated plasmas have been performed only in the absence of expansion, which, otherwise, prevents establishment of thermal equilibrium due to the effects of adiabatic cooling [24, 25] . Models of DIH suppression through correlation in cold charged particle bunches, where rapid Coulomb expansion is unavoidable, are needed to establish limitations to beam quality on the basis of achievable experimental parameters.
In this Letter, we investigate the suppression of DIH in Coulomb-expanding cold ion beams with initial position correlations created through the ionization of a shaped blockaded Rydberg gas, where spatial correlations are introduced by interatomic interactions that prevent excitation of pairs of atoms that are in close proximity [26] . We model the DIH process using hard-sphere initial correlations [27, 28] to derive the equilibrium temperature and show, through detailed molecular-dynamics (MD) simulations, that the suppression of DIH calculated in equilibrium holds during the emittance nonconserving, nonequilibrium expansion process for uniform bunches. The effects of Coulomb interactions within an ion bunch are equivalent to those in an electron bunch, but occur on a longer time scale due to the larger ion mass [15] . Therefore, our model places an experimental limit on the reduction of emittance through hard-sphere correlations for any highdensity charged particle bunch, such as electrons used for single-shot, ultrafast diffraction studies.
Emittance is a measure of the phase-space area occupied by a beam, and can be expressed in each spatial dimension x as
where σ x is the root-mean-square (rms) beam size, c the speed of light, k B the Boltzmann constant, m the mass of one particle. The thermal energy is k B T ¼ mσ
x;v x Þ where σ v x is the rms velocity spread and r x;v x is the correlation coefficient of the x-axis position and velocity phase-space profile. At a beam waist, emittance is the product of the beam size and angular divergence, thereby determining the minimum focal size for a given focusing system. Achieving high beam brightness and coherence requires low beam emittance and, thus, low temperature. The internal structure and dynamics of a plasma can be described in terms of its temperature using the Coulomb coupling parameter Γ, which is the ratio of potential to thermal energy
where e is the elementary charge, ε 0 is the vacuum permittivity and the Wigner-Seitz radius a ¼ ð3=4πnÞ
1=3
is the average interparticle separation for ion density n. For strong coupling (Γ > 1), the motion of individual particles is determined by the interparticle interactions rather than thermal diffusion.
For an initially disordered cold-ion plasma, Γ may be high initially due to the low temperature, but DIH occurs with a characteristic time scale on the order of the inverse of the plasma frequency ω p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ne 2 =ε 0 m p , limiting the system to an equilibrium coupling parameter Γ eq ∼ 2 in the absence of expansion [29] . At an ion density n ¼ 10 16 m −3 , typical of a CAEIS using a magneto-optical trap (MOT) atom source, this implies rapid equilibration to a temperature T c ¼ 2 K, 5 orders of magnitude higher than the temperature of the atoms before ionization.
Previous simulations have suggested that equilibrium coupling parameters as high as Γ eq ¼ 35, corresponding to much lower temperatures, may be reached in neutral nonexpanding plasmas produced through ionization of blockaded Rydberg atoms [23] . A pair of Rydberg atoms in a low angular momentum state with separation R interact, to leading order, via the van der Waals (VDW) potential VðRÞ ¼ −C 6 =R 6 . In an ensemble of atoms exposed to radiation coupling a ground state to a Rydberg level, with power-broadened linewidth ν, any ground-state atom within the blockade radius r b ¼ jC 6 =νj 1=6 of a Rydberg atom is prevented from being excited to the Rydberg level by the VDW interaction. For two rubidium atoms in the 60S state that have C 6 ¼ −140 GHz μm 6 and linewidth ν ¼ 3 MHz, the blockade radius of r b ¼ 6 μm [30] exceeds the mean interparticle separation a of a random distribution at the typical ion density of n ¼ 10 16 m −3 . Therefore, the blockade provides a mechanism for suppression of DIH and consequent reduction of the effective source temperature.
First, we consider the thermal equilibrium properties of a nonexpanding ion bunch with Rydberg blockade correlations. Following creation of a blockaded Rydberg ensemble created in a volume defined by a two-laser excitation process [9] , our model assumes complete ionization of the Rydberg atoms by a switched electrostatic field in a time much less than the DIH time scale ω −1 p , which is achievable in existing MOT-based CAEIS accelerators [31] . The field accelerates the ions, and removes electrons from the system on a much shorter time scale than the ionic motion, such that they have a negligible effect on the ion temperature. Hard-sphere approximations for the VDW interaction have been shown to adequately approximate the spatial correlations [27] and excitation fractions [28] of high density blockaded Rydberg ensembles. The hardsphere approximation allows calculation of the internal energy of the ion configuration as a function of a dimensionless blockade parameter r b =a, which we use to derive the equilibrium coupling parameter after DIH.
Using the approach for a disordered system [32] , we calculate the equilibrium Coulomb coupling parameter Γ eq of a nonexpanding ion system by, first, considering the conservation of energy per particle in the initial and final (equilibrium) ionic configurations. For potential energy, we use the internal binding energy per particle in a onecomponent plasma (OCP) system u OCP [33] . In equilibrium, this is given by the OCP equation of state in the equilibrium strongly coupled fluid phase ðΓ eq ≲ 170Þ [34] 
For an initially disordered distribution, the initial internal binding energy u i ¼ 0, as the ions have no structure and experience no initial confining force. Within one plasma period, the ions develop short-ranged OCP correlations with negative binding energy u OCP balanced by a gain of kinetic energy. Conservation of energy for an initially cold, disordered distribution with a final thermal equilibrium potential u f ¼ u OCP gives an equilibrium coupling parameter Γ eq ¼ 2.23 [17] . Ions with correlated initial positions have a nonzero initial binding energy so that less kinetic energy is gained per particle during thermal equilibration, leading to an increase in the Coulomb coupling parameter in the final state. For hard-sphere correlations, the PercusYevick (PY) equation gives a radial distribution function [35] that permits calculation of an analytical form of the internal energy under Coulomb interactions [36] 
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To quantify suppression of DIH in an expanding beam, we performed an N-body MD simulation of DIH in an infinite homogeneous system of ions with linear expansion by using periodic boundary conditions in a comoving cubic geometry with equations of motion from the direct Ewald summation method [37] (see Supplemental Material [38] ). In the comoving coordinate frame, the effects of linear expansion, including adiabatic cooling, are described by scale factor α calculated for the free uniform Coulomb expansion of ions at an initial density n
where α ¼ 1 immediately following ionization. In experiments where ordering is established through blockade, for the same initial atomic density, the bunch charge will be smaller. In the presence of linear spacecharge expansion, higher density bunches expand more rapidly, so that brightness is independent of the bunch charge for a fixed source temperature [42] . Therefore, we simulate bunches with equal initial densities n 0 ¼ 1 × 10 16 m −3 for the ordered and disordered cases, with equal expansion rates, to allow for fair comparison. To compare the behavior of the Rb ion bunches that we simulate to other bunches of charged particles at different densities, including electrons, the time scales of the kinetic energy oscillations, heating and expansion scale as ffiffiffiffiffiffiffiffiffiffi m=n 0 p and the emittance asε ∝ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi n 01=3 =m p . N ¼ 1000 ions were generated in simulation by the random sequential addition of hard spheres in the periodic comoving cubic volume of side length L ¼ ðN=n 0 Þ 1=3 , which generated configurations with blockade parameters up to r b =a ¼ 1.43, close to the saturation limit [43] . To illustrate the behavior of bunches with higher blockade parameters, we use a packing algorithm [44] to generate ion configurations close to the random hard-sphere close packing limit of r b =a ∼ 1.72. The ions were generated with zero initial temperature. Simulations showed no observable differences when repeated with initial temperatures of 100 μK, the typical temperature of atoms in a MOT. The comoving equations of motion were integrated through the Bulirsch-Stoer method with polynomial extrapolation [45] . Adaptive time steps were calculated to provide a constant error metric for the emittance. The scale factor α, expansion rate dα=dt, and the temperature of the ions were evaluated (see Supplemental Material [38] ) to determine a dimensionless emittancẽ
such that a spherical ion bunch of initial rms size σ x 0 expanded to a size ασ x 0 will have an emittance ϵ ¼ σ x 0ε . Simulations were initially performed in the absence of expansion (setting dα=dt ¼ 0) to calculate the equilibrium coupling parameters Γ eq for varying blockade parameters r b =a in order to verify the PY prediction. The regular kinetic energy oscillations at twice the plasma frequency (seen in Fig. 2 ) result from the harmonic motion of ions about dynamic local potential minima. The equilibrium emittance and temperature decreases as the blockade parameter increases. The equilibrium coupling parameters for each simulation were found by averaging over plasma phases, which, for a nonexpanding bunch, is the product of plasma frequency and time, between 8π and 16π. The MD simulations verify the PY OCP theory (Fig. 1) for distributions generated up to r b =a ¼ 1.43 in nonexpanding thermal equilibrium.
Expanding ion bunches cool adiabatically, with decreasing plasma frequency for decreasing density as ω p ∝ α −3=2 . Asymptotically, the kinetic energy oscillations cease as the plasma phase φ ¼ R t 0 ω p dt 0 converges to φ ¼ 1.2π as t → ∞, for the free Coulomb expansion (Eq. (5) of ions of any mass or initial density. Convergence of the plasma phase implies freezing of the ion motion in the expanding reference frame, so that we may expect the emittance to reach an equilibrium value, as adiabatic expansion cooling preserves bunch emittance, decreasing the temperature as T ∝ α −2 [17] . Instead, we observe unbound emittance growth subsequent to the first temperature oscillation minimum at φ ¼ π (Fig. 3) . The results, presented in terms of an effective source temperature T 0 ¼ α 2 T of equivalentemittance noninteracting particles in the ion source region, show clear reduction in the magnitude of the emittance growth for blockaded initial distributions.
Modeling the harmonic ion motion about local potential minima in the expanding frame yields a nonadiabatic asymptotic temperature dependence of T ∝ Γ −1 eq α −1.8 (see Supplemental Material [38] ). According to the harmonic oscillator description, the temperature dynamics during expansion are proportional to the predicted equilibrium coupling parameter Γ PY for each blockade parameter. The reduction of the emittance, and the suppression of DIH, can then be quantified as the ratio of the emittance of the blockaded system with equilibrium coupling Γ eq ¼ Γ PY ðr b =aÞ to the emittance of a disordered system which has Γ eq ¼ 2.23
The MD results of Fig. 4 verify that the suppression is unaffected by the expansion. The limit of the suppression depends on the extent of the blockade. For an ion beam created from a system with r b =a ¼ 1.2 [28] , we predict an equilibrium coupling parameter Γ eq ¼ 16, and an emittance lowered by a factor of 2.6. This emittance reduction would lead to a sevenfold increase in transverse brightness, which is proportional to ϵ −2 . The minimum focal spot size d would be 0.62 times the size with disorder, where d ∝ ϵ 1=2 . Suppression of DIH in cold ions would be a significant milestone in the advancement of charged particle beam source technology, as the DIH effect, otherwise, presents a limitation to beam focusability and brightness. Ultimately, single-shot ultrafast electron diffraction may require electron beams of a phase-space density close to the quantum degeneracy limit [46] , which will not be possible unless DIH is negligible. For ions, creating bunches with higher blockade parameters and further reduced emittance may be possible through precise variation of the laser frequency and intensity during the Rydberg excitation process [47] , Rydberg excitation of atoms in an optical lattice with high filling fraction [22, 48] , or ionization of atoms in spatially tailored microtrap arrays [49] . . 3 (color online) . Dimensionless emittanceε and effective temperature growth caused by disorder-induced heating in freely expanding 85 Rb þ ion bunches at 10 16 m −3 initial density, calculated by molecular-dynamics simulation. A model for the bunch temperature evolution [17] is found to overpredict the emittance growth at times beyond the first oscillation maxima. The presence of Rydberg blockade, labeled by the blockade radius in terms of the Wigner-Seitz radius, increases the initial ion correlations thereby reducing the heating. In conclusion, the results presented here quantitatively predict the extent to which disorder-induced emittance growth can be suppressed using Rydberg blockade, and guide further development of high-brightness cold charged particle beams for applications including ultrafast electron diffraction. 
